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Abstract 

We investigate the possible regular solutions of the boundary Yang-Baxter 
equation for the vertex models associated with the ^^-i affile Lie algebra. 
We have classified them in two classes of solutions. The first class consists of 
n(n — l)/2 K-matrix solutions with three free parameters. The second class are 
solutions that depend on the parity of n. For n odd there exist n reflection K- 
matrices with 2 + [n/2] free parameters. It turns out that for n even there exist 
n/2 ET-matrices with 2 + n/2 free parameters and n/2 iC-matrices with 1 + n/2 
free parameters. 
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1 Introduction 



The search for integrable models through the Yang-Baxter equation [1, 2, 3] 

Ru{u - v)Ris{u)R23{v) = R23iv)Ris{u)Ri2{u - v) (1.1) 

has been performed by the quantum group approach in [4]. Thus the problem is 
reduced to a linear one. Indeed, R matrices corresponding to vector representations of 
all non-exceptional affine Lie algebras were determined in this way in [5] . 

A similar approach is clearly desirable for finding solutions K{u) of the boundary 
Yang-Baxter equation [6, 7] 

Ruiu - v)Ki{u)R2i{u + v)K2{v) = K2{v)Ri2{u + v)Ki{u)R2i{u - v). 

(1.2) 

With this goal in mind, the study of boundary quantum groups was initiated in [8]. 
However, as observed by Nepomechie [9], an independent systematic method of con- 
structing the boundary quantum group generators is not yet available. In contrast to 
the bulk case [5] , one cannot exploit boundary affine Toda field theory, since appropri- 
ated classical integrable boundary conditions are not yet known [10]. 

We are also sharing the hope that by studying the known examples of boundary 
quantum group generators, it may become possible to uncover their basic algebraic 
structure, and to find generalizations to all affine Lie algebras. Independent of the 
lack of an algebraic solution from the quantum group approach, there has been an 
increasing amount of effort towards the understanding of two-dimensional integrable 
theories with reflecting boundaries via solutions of the reflection equation (1.2). In field 
theory, attention is focused on the boundary ^-matrix. In statistical mechanics, the 
emphasis has been on deriving solutions of (1.2) and the calculation of various surface 
critical phenomena, both at and away from criticality [11]. In condensed matter physics 
the actual target is the impurity problem. 

The classification of all possible solutions of the reflection equation (1.2) by direct 
computation has been seen as a very difficult problem. However, recently we have 

(2) 

proposed a method which allows the classification of the -D„_|_i reflection 7^-matrices 
[12] as well as the i^-matrices of the 19- vertex models [13]. In spite of these papers 
we decided to continue in this hue in order to include the A^^}_^ reflection X-matrices 
which will reveal us its algebraic structure. 

We have organized this paper as follows. In Section 2 we choose the A^''^^ reflection 
equations and in Section 3 their solutions are derived and classified in two types. The 
last section is reserved for the conclusion. The first models have its K-matrices written 
explicitly in appendices. 
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2 The A^^2i Reflect ion Equations 

The i?-matrix for the vertex models associated with the A^^l^^ (n > 2 ) affine Lie algebra 
was originally found in the articles [14, 15] and as presented in [5] it has the form 

R{u) = ai{u) ^ Eii (g) Eii + a2{u) ^ En Ejj 

+a3{u) Eij ® Eji + a^iu) ^ Eij ® Eji, (2.1) 

i<j i>j 

where E^j denotes the elementary n by n matrices {{Eij) ah — ^ia^ib) and the Boltzmann 
weights with functional dependence on the spectral parameter u are given by 

ai(«) = (e^ - a2{u) = q{e^ - 1), as{u) = -{q^ - 1), a^{u) = -e^{q^ - 1). 

(2.2) 

Here q denotes an arbitrary parameter. 

For n > 2, the i?-matrix (2.1) does not enjoy P and T symmetry but just PT 
invariance 

Vi2Ri2{u)Vi2 = R2i{u) = RMuY'"' (2.3) 

and unitarity 

Ri2{u)R2i{-u) = C{u) = ai{u)ai{-u). (2.4) 
It is not crossing invariant either but it obeys the weaker property [16] 

\^{{Ru{uy^y'Y^ ' = j^^^M2Ru{u + 2p)M,-\ (2.5) 

where M is a symmetry of the i?-matrix 

[R{u), M ® M] = 0, Mij = Sijq''+^-'^\ p = nlnq. (2.6) 

The matrix K_ {u) satisfies the left boundary Yang-Baxter equation, also known as 
the reflection equation, 

Ri2{u - v)K_{u)R2i{u + v)K_{v) = K-{v)Ri2{u + v)K4u)R2i{u - v), 

(2.7) 

which governs the integrability at boundary for a given bulk theory. A similar equation 
should also hold for the matrix K^{u) at the opposite boundary. However, for the A^}_i 
models, one can see from [17] that the corresponding quantity 

K+{u) = K_{-u - pfM, (2.8) 
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satisfies the right boundary Yang-Baxter equation. Here t = tit2 and U stands for 
transposition taken in the i*'* space. 

Therefore, we can start for searching the matrices K^{u). In this paper only regu- 
lar solutions will be considered, although there is much interest for non-regular A^^l^ 
solutions [18, 19]. 

Regular solutions mean that the matrix K_{u) has the form 

n 

K4u) = J2 kj{u) Eij (2.9) 

and satisfies the condition 

kij{0) = 6ij, = l,2,...,n. (2.10) 

Substituting (2.1) and (2.9) into (2.7), we will get functional equations for the 
kij matrix elements, many of which are dependent. In order to solve them, we shall 
proceed in the following way. First we consider the component of the matrix 
equation (2.7). By differentiating it with respect to v and taking v — 0, we get 
algebraic equations involving the single variable u and parameters 

A,- = ^^|.=o ^,J = l,2,...,n. (2.11) 

Second, these algebraic equations are denoted by E[i,j] — and collected into blocks 
B[i,j] , i = 1, ...,11? — i and j — i,i + 1, — i, defined by 



or- -if E[t,j] = 0, E[j,t]=0, 

^ '-^J \ E[n^ + l-i,n^ + l-j] = 0, E[n^ + l-j,n^ + = 0. 



(2.12) 



For a given block B[i,j], the equation Eln? + 1 — i^n? + 1 — j] — can be obtained 
from the equation E[i,j] —0 by interchanging 

kij < > kn+l-i n+l-j: Pij < ^ Pn+l-i n+l-j': (^^{u) ^ 04(1*) 

(2.13) 

and the equation E[j,i] = is obtained from the equation E[i,j] — by the inter- 
changing 

kij i — > kji, (5ij i — > (5ji (2.14) 

In this way, we can control all equations and a particular solution is simultaneously 
connected with at least four equations. 
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3 The Aj^Zi K-Matrix Solutions 

Analyzing the ^^^li reflection equations one can see that they possess a very special 
structure. Several equations exist involving only the elements out of the diagonal, 
kij {i 7^ j), these are the simplest equations and we will solve them flrst. 

By direct inspection one can see that the diagonal blocks B[i,i] are uniquely solved 
by the relations 

(3ijkji{u) = (3jikij{u), V i ^ j (3.1) 

It means that we only need to find the n{n — l)/2 elements kij {i < j). Now we choose 
a particular kij {i < j) to be different from zero, with f3ij ^ 0, and try to express all 
remaining elements in terms of this particular element. We have verified that this is 
possible provided that 

f SlSfe^^^-N if P>^ q>j 
kp,{u)^l , ipj^q) (3.2) 

[ ^A;ij(ti) if p > i and q < j 

Combining (3.1) with (3.2) we will obtain a very strong entail for the elements out of 
the diagonal 

{kpj{u) — for p i 
(3.3) 
kiq{u) = for q^j 

It means that for a given k^j, the only elements different from zero in the i*''-row and 
in the j*'*-column of K-{u) are ka, kij, kjj and kji. 

Analyzing more carefully these equations with the conditions (3.1) and (3.3), we 
have found from the n{n — l)/2 matrix elements kij {i < j) that there are two possi- 
bilities to choose a particular k^j ^ : 

• Only one non-diagonal element and its symmetric are allowed to be different from 
zero. Thus we have n(n — 1)/2 reflection X-matrices with n+2 non-zero elements. 
Here we will denote by Kjj [i < j ), the X-matrix for which the non-diagonal 
element kij is the one chosen to be the non-zero matrix element. These matrices 
will be named Type-I solutions. 

• For each k^j ^ 0, additional non-diagonal elements and its asymmetric are allowed 
to be different from zero provided they satisfy the equations 

kij{u)kji{u) — krs{u)ksr{u) with i -\- j — r -\- s mod n (3.4) 
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It means that we will get n reflection X-matrices with the number of non-zero 
elements depending on the parity of n. Next, we choose the n possible partic- 
ular elements as being kij , j = 1,2, ■ • • ,n and k2n- We will also denote the 
corresponding X-matrices by j — 1,2, •• • ,n and ^2^, respectively. These 
matrices are named Type-II solutions. 



For example, the A^2^ model has only Type-I solutions. The X-matrices are 



K 



12 



kii ki2 

^21 ^22 

A;33 



13 



fell ki3 

k22 

ksi kas 



23 



kii 











^22 


k23 





k32 


^33 



(3.5) 



One can expect that these are the three possibilities to write the same solution for the 



A'^^ model. 



For the model we have six Type-I solutions {IK(2, Kjg, K.l^, IK23, IK24, IK34} 
all with six non-zero elements. In this model we also have two Type-II solutions 



( kn 

k2i 


V 



ki2 

^22 









kss 
^43 



\ 



ku 
kiA J 



and Kfl 



/ ku 



V ^41 





k22 
^32 







A:23 
A:33 




ki4 



kii J 



kiokoi — k^k. 



34ft'43 



A;i4^41 — ^23^: 



(3.6) 



23^-32 



For n > 5, in addition to the n{n — l)/2 Type-I solutions with n + 2 non-zero matrix 
elements, we have also n Type-II solutions with the following property: if n is odd these 
X-matrices have 2n — 1 non-zero elements, but if n is even, half of these X-matrices 
have 2n non-zero elements and the remaining ones are matrices with 2n — 2 non-zero 
elements. 

Although we already know as counting the X-matrices for the A^^l^ models we still 
have to identify among them which are similar. Indeed we can see a Z„ similarity 
transformation which maps their matrix elements positions: 



= a = 0,l,2,--- ,n-l 



(3.7) 



where ha are the Z„ matrices 



{ha) 



i,i+a 



mod n 



(3.8) 
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In order to do this we can choose K^^^ as Kfg and the similarity transformations 
(3.7) give us the K^""^ matrices whose matrix elements are in the same positions of 
the matrix elements of the K{j and matrices. However, due to the fact that the 
relations (3.2) involve the ratio = e", as well as the additional constraints (3.4), we 
could not find a similarity transformation among these K's matrices, even after a gauge 
transformation. Even for the Type-I solutions the similarity account is not simple due 
to the presence of three types of scalar functions and the constraint equations for the 
parameters f3ij. Nevertheless, as we have found a way to write all solutions, we can 
leave the similarity account to the reader. 

Having identified these possibilities we may proceed in order to find the n diagonal 
elements kii{u) in terms of the non-diagonal elements kij{u) for each Kij matrix. 

These procedure is now standard [13]. For instance, if we are looking for K{2, the 
non-diagonal elements kij, {i + j = 3 mod n ) in terms of ki2 are given by 



kij{u) 



^k,2{u) for i+i 



|^e"A;i2(ii) for i-\-j — 3 mod n (3.9) 
otherwise 



fori,; = 1,2, •••n, {i^j). 

Substituting (3.9) into the reflection equations we can now easily find the ka ele- 
ments up to an arbitrary function, here identified as ki2{u). Moreover, their consistency 
relations will yield us some constraints equations for the parameters fiij. 

After we have found all diagonal elements in terms of kij{u), we can, without loss 
of generality, choose the arbitrary functions as 

%M = ^A,(e'"-l), t<j. (3.10) 

This choice allows us to work out the solutions in terms of the functions fii{u) and 
hij{u) defined by 

/n(ii)=Ai(e"-l) + l and hij{u) ^ ^Pijie"^ - 1), (3.11) 
for i, j = 1,2, ■ ■ ■ ,n. 

Now, we will simply present the general solutions and write them explicitly for the 
first values of n in appendices. Let us start considering the Type-I solutions. 
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3.1 The Type-I K-Matrices 

Here we have n{n — l)/2 reflection X-matrices with n + 2 non-zero elements. For 
l<i<j<nwe get (n — 2)(n — l)/2 solutions 

= fii{u)Eii + e'^'^fii{-u)Ejj + hij{u)Eij + hji{u)Eji 

i—l j—1 n 

+Z,{u)Y,Eu + ylU^) J2 Eu+e^^'Z.^u) J] Eu, (3.12) 

1=1 l=i+l 1=3+1 

where Zi{u) and y'f^-^^iu) are scalar functions defined by 

Zi{u) = U-u) + ^ (Ai + Ai) e-" (e^^ - 1) (3.13) 



and 



yl'^iu) - Uu) + \ {(5u - AO (e'" - 1) ■ (3.14) 



2 

For i — l and 1 < j < n we get the n — 1 remaining solutions 

K(, = h^{u)E^^ + e^''h^{-u)Ej^ + h^j{u)E^j + hj^{u)Ej^ 



i-i 



+3^2'^(«) + Xj+i^u) Elu (3.15) 

«=2 1=3+1 

where a new scalar function appears, 

A',+i(«) = e2Vii(-M) + \ (A+i ,+1 + Ai - 2) e" (e^" - l) . (3.16) 

The number of free parameters is fixed by the constraint equations which depend on 
the presence of these scalar functions: when yf' [u) is present in 'K^j we have constraint 
equations of the type 

M3i = + A^ - 2) {I3u -(3u), (3.17) 
but, when Zi{u) is present the corresponding constraints are of the type 

Mji = (/^ii + AO (Ai - AO ■ (3.18) 

The presence of at least one Xj_^_i{u) yields a third type of constraints, 

PijPji = iPj+ij+i + Ai - 2) iPj+ij+i - Ai - 2) . (3.19) 



Prom (3.12) and (3.15) we can see that in each K^j we have at most two scalar func- 
tions. It means that all these Kfj matrices are 3-parameter solutions of the reflection 
equation. 

Finally, we observe that the solution with i — 1 and j — n , i.e. 



= fn{u)En + e^Vii(-^^)^nn + h^n{u)E^n + Ki{u)E^, + yi'\u) J2 En 

1=2 (3.20) 



has the constraint 

PmPni = (/922 + Pii - 2) (/?22 - (3n] 
and, it is the solution derived by Abad and Rios 



(3.21) 



3.2 The Type-II K-Matrices 



Due to the property (3.4) we have found three Type-II general solutions for each Al^_^ 
model: 



-II 

^2n 



lype-IIa = {Kiip}, Type - lib = J , Type - lie = 

P = l,2,---,[d (3-22) 



where [|] being the integer part of |. 
For n-odd, the Type-IIa solution is 



K 



II 

Up 



fn («) E + e'Vn{-u) E + e'Vu {u) ^ 



j=p+i 



J=[f]+P+2 



+'^[t]+P+l(")^[t]+P+l [f]+P+l + 



i+j=l+2p i+j=l+2p mod n 



hij{u)Eij, 

(3.23) 



with constraint equations 

r s = l + 2p mod n. (3.24) 



For the Type-IIb solutions we have obtained the following matrices 
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i+j=2+2p i+j=2+2p mod n 



hij{u)Eij, 



(3.25) 



together with their constraint equations 

PrsPsr — {Pp+1 p+1 + Pll ~ 2) {Pp+i p+i — Pu) 

r + s — 2 + 2p mod n. 
Finally, the Type-IIc solution is the matrix 

Kii = Z2{u)En + e''^h2{-u)Y,E,j + e'-Mu) % 

+ XI hij{u)Eij, 

i+j=2 mod n 



(3.26) 



(3.27) 



for which the constraint equations are 

sr 



r + s 



(Al+/?22)(/9ll-/522) 

2 mod n. 



(3.28) 



The function 2^2(1*) is given by (3.13) and the functions Xj{u) by (3.16), while the 
functions fii{u) , f22{u) and hij{u) are given by (3.11). Therefore we have n reflection 
K-matrices for the models (n odd). They are (2 + [|]) -free parameter solutions 
with 2n — 1 non-zero matrix elements. 

When n is even we ha\'c a similar identification but substantial differences exist. 

In the n-even case the Type-IIa solutions are the matrices 

p f +P n 

Kip = Mu)J2EJJ + e'V^,{-u) J2 En + ^'Vn{u) Yl 

j=i j=p+i i=f+p+i 

/ \ 



+ 



i+j='2 i+j=l+2p mod n 



hij{u)Eij, 



(3.29) 
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with constraint equations 

/9l2p/32pl = f^rsf^sr, r + S = 1 + 2p Hiod U. 

For the Type-IIb solutions we have 



j=f+p+2 



+ 



E + E ■ 

i+i=2+2p i+j=2+2p mod n 



hij{u)Eij, 



J 



with the following constraint equations 

PrsPsr 



— iPp+i p+1 + Pii ~ 2) {Pp+i p+i — Pii) 

r + s — 2 + 2p mod n, 
Again, the Type-IIc solution is the matrix 

n 

2 

Kii = Z2HEn + /22H$]% + 4+iH%+if+i 

n 

VV22(-«) J] ^,-, + X h,,{u)E,j, 
i=f+2 



i+j=2 mod n 



with the constraint equations 



r + S 



22 



- (/5n+i n+i + /?22 - 2) (j5^^^ - /?22) , 



2 mod n. 



(3.30) 



(3.31) 



(3.32) 



(3.33) 



(3.34) 



(2\ 

where the scalar functions Z2{u) and yp_l.i{u) are given by (3.13) and (3.14), respec- 
tively. 

Here we observe that for n even, the Type-IIa is a (2 + |)-free parameter solution 
with 2n non-zero matrix elements, while the Type-IIb and the Type-IIc are (l-|-|)-free 
parameter solutions with 2{n — 1) non-zero matrix elements. 
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4 Conclusion 



The absence of an algebraic method such as the quantum group approaches leads us to 
believe that a direct computation from their reflection equations should be a starting 
point to obtain its classification. 

After a systematic study of the functional equations we find that there are two 
types of solutions for the A^j^\ models. We call of Type-I the /^-matrices with three 
free parameters and n + 2 non-zero matrix elements. These solutions were denoted by 
Kfj to emphasize the non-zero element out of the diagonal and its symmetric, which 
results in n{n — l)/2 reflection X-matrices. 

The Type-II solutions are more interesting because their have many free parameters. 
The A^^li models for n odd, in addition to the Type-I solutions, have n Type-II solutions 
with 2n — 1 non-zero matrix elements and {2 + [|]) free parameters. It turns out that 
for n even we also have n Type-II solutions but half of them are X-matrices with 2n 
non-zero matrix elements and (2 -|- |) free parameters, while the remaining ones have 
2{n — 1) non-zero matrix elements with (1 -|- |) free parameters. 

The corresponding K+{u) are obtained from the isomorphism (2.8). Out of this 
classification we have the trivial solution {K^ = 1,K^ = M) for these models. Thus 
we ended our discussion on the refiection matrices for the vertex models associated 
with the A^j^l^ affine Lie algebra. 

To complete the classification for all non-exceptional Lie algebras we still have to 
consider the vertex models associated with the Bn \ Cn \ Dn\ A'^J^ and ^2ri-i Lie 
algebras. 

Acknowledgment: This work was supported in part by Fundagao de Amparo 
a Pesquisa do Estado de Sao Paulo-FAPESP-Brasil and by Conselho Nacional de 
Desenvolvimento-CNPq-Brasil. 



This is a very special case among the models. We note that there is only one gen- 
eral X-matrix with 4 non-zero matrix elements [21, 22]. Prom the Type-IIa solutions 
(3.29) or from the Type-I solutions (3.15) it is the K12 matrix 



Although there is no constraint equation in this case, the regular condition (2.10) has 
fixed in three the number of free parameters, in agreement with all Type-I reflection 
X-matrices. 



A The A\ ' Reflection K-Matrices 




11 



B The A^^^ Reflection K-Matrices 

This is also a special case because it has only the Type-I solutions K(2, IKfg and K23. 
Prom (3.15) we have 

^^(2 = fuiu)En + e^''fn{-u)E22 + hi2{u)Eu + h2i{u)E2i + X3{u)Es3 
fii{u) huiu) \ 

h2i{u) e^-fn{-u) , (B.l) 
Xs{u) J 

with the four parameters /3i2, /32i and /333 satisfied the constraint equation 

/3l2/521 = (/333 - Pll - 2) (/333 + Pu - 2) . (B.2) 
Two diagonal solutions are derived from (B.l) due to this constraint equation 
hin Xsiu) = e'-fn{-u) 

^ D, = diag{h,{u),e'-h,{-u),e'-fu{-u)) (B.3) 

and 

lim A'3(«) = e'^uiu) 

D2^dieig{fn{u),e'^fu{-u),e'-fu{u)) (B.4) 
The matrix ^{3 is also given by (3.15) 



K(3 = fuiu)Ei, + e^yn{-u)Es3 + his{u)E,3 + hsi{u)Eu + yi'\u)E; 



22 



fii{u) his{u) 

yi'\u) I , (B.5) 
hs^iu) e2-/ii(-«) 

but now the constraint equation is 

= {(322 + Pn - 2) {(322 - (3n) , (B.6) 
and the corresponding diagonal reductions are 



2u J- / „.\ „2m. 



hin y^'\u) = e'yu{-u 

P22— >— Pll+2 



D, = diag(/n(ii),e^Vii(-^^),e^Vii(-^^)) (B.7) 
and 



(1) 

2u 



hm y^^\u) = /n(« 

P22— »P11 



L>4 = diag(/n(ii),/ii(ii),e2Vii(-^^)) (B.8) 
12 



For the solution named K23 we recall the equation (3.12) with i — 2 and j — ?> 

Kz = f22{u)E22 + e2"/i,(-M)E33 + /i23(«)^23 + /i32(«)^32 + Z2{u)Eu 



/22(«) h2siu) I , (B.9) 




h32{u) e2"/22(-ii) 



with the constraint 



/323/332 = (/3ii + P22) iPii - P22) (B.IO) 
we get more two diagonal solutions 

lim Z2{u) = /22(-m) 
P22— >— pii 



L>5 = diag(/22(-ii),/22(ii),e'V22(-^)) (B.ll) 



and 



lim Z2(u) = f22(u) 

L'e - diag(/22(M),/22(M),e2"/22(-M)) (B.12) 

Due to the constraint equations these reflection X-matrices have only three free 
parameters and the corresponding diagonal solutions have only one free parameter. 

Here we observe that only four of these diagonal solutions are independents because 
Dq = D4 and D3 = Di. Here we also note that the solutions Di and D4 are the diagonal 
solutions derived by the first time in [21] and is the non-diagonal solution derived 
in [20]. 

In a certain sense these solution are particular because they do not reveal us all 
properties shared by the regular A^^l^ reflection i^'-matrices for n odd. Before we 
consider the next odd case, let us consider the case n = 4. 

C The A^^^ Reflection K-Matrices 

In this case the structure of the general solution begins to appear but it is still particular 
because half of the Type-II solutions are Type-I solutions. 

The Kij matrices for the Type-I solutions are given by (3.15). For we get 

/ fuiu) hi2{u) \ 

w _ h2M e^-fu{-u) 

Xs{u) 

V Xs{u) J 



(C.l) 
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with the constraint 



/9i2/92i = W33 + - 2) (/?33 - - 2) 

For Kfg we have 

/ hs{u) \ 

^ 3^^'^(«) 

hs^iu) e^Vii(-^^) 

V X4{u) I 

with the constraint 

/?13/?31 = (/?44 + - 2) (/344 - - 2) = (/?22 + - 2) (/322 



The matrix is 



/ hi{u) 








y, 








u 















e^Vii(-^^) / 



with 



Pupil = (/322 + - 2) (/322-/3ll) 

The remaining Type-I X-matrices are given by (3.12). For we get 

/ Z2{u) \ 

Tirl - /22(«) ^23 (m) 

hM e2«/22(-«) 

\ e^''Z2{u) J 

with constraint 



/523/532 = (/3ll+/322)(Al-/i^22) 



For K24 we have 



( Z2{U) 




V 





/22H 

yf\u) 



\ 

h2i{u) 




hA2{u) e2-/22(-ii) y 
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with the constraint 



/324/342 = (Al + M Wu - = W33 + P22 - 2) (/333 - 1322) 

and finally for K34 



34 







V 













hz{u) h^{u) 

huiu) e''-fss{-u) J 



with 



/934/343 = (/9ll+/933) (/9ll-/933) 

For the Type-IIa solutions we get from (3.29) more two X-matrices 



( fniu) huiu) \ 

h2i{u) e2Vii(-«) 

e2"/n(-M) e"/i34(M) 

V e-h^siu) e^^hiiu) J 



with the eight non-zero elements satisfying a constraint equation 

/3l2/321 = PuP^s- 

The another i^-matrix is given by 

/ fn{u) h,Au) \ 



14 





h23{u) 

/i32(«) e2»/n(-«) 

\ h4iiu) 








e'^'fui-u) J 



with the a constraint equation 



/3l4/341 — /323/332 



(C.IO) 



(C.ll) 



(C.12) 



(C.13) 



(C.14) 



(C.15) 



(C.16) 



Note that both Type-II solutions (C.13) and (C.15) have four free parameters. 

Next, we can solve these constraint equations to derive eighteen diagonal solutions. 
Using the following reductions for the scalar functions Xj+i{u), yl''\u) and Zi{u) 



lim Xj^i{u) 
lim yi'\u) 

Pll-y-(3ii+2 

lim ZAu) 



e^Vii(-^), , lim^ A',+i(i.) = e^ViiW, 



e'V..(-«) 



lim y. 



u 



fiiiu), 



fii{-u), lim Zi{u) 



fiiiu) 



(C.17) 
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we can see that only half of these diagonal solutions are independents: 



D^ = dmg{f{u),c'y{-u),e'y{-u),e'y{-u)), 

Ds = diag(/(i.),/H,e^V(-^^),e^V(-^^)), 
L>4 = di^g{f{u),e'-fi-u),e'-f{-u),e'^f{u)), 

D, = diag(/H,/(i.),e^V(-«),e'VH), 
D, = diag(/H,/H,/H,e^V(-«)), 

Dr = diag{f{-u),f{u),e'^f{-u),c'y{-u)), 

Ds = diag(/(-«),/(«),/(«),e^"/(-«)), 

D, = diag{f{-u)J{-u)J{u),e'y{-u)), (C.18) 
where we have used a compact notation for the functions fii{u) 

fu{u) = f{u) = /3(e" - 1) + 1 (C.19) 
where /3 is the free parameter. 

D The A^^^ Type-II Reflection K-Matrices 



Here we will only write explicitly the five Type-11 solutions and their constraint equa- 
tions for the 744^'* model. They have nine non-zero matrix elements and four free 
parameters: 



II 
12 



'21 



/ fn{u) 

/12i(m) 





/335/353 = 



v 









,2« 






/ill 



e"/i53(^i) 



u 











(/944 + /3ii-2)(/344-/3ii-2), 



\ 



e''/l35(M) 



e'Vii(^^) J 



(D.l) 



( fn{n) 



h4i{u) 
\ 





fuiu) 








h23iu) 

3'"/ll(-«) 






hu{u) 



3'Vll(-«) 





\ 




X,{u) J 



PuP41 = /323/332 = (/355 + /3ll-2)(/355-/3ll-2), 



(D.2) 
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K: 



II 
13 



'31 



/ fn{u 





= (A 



v 











hisiu) 


e2-/ii(-«) 


















J22 + /3ii-2)(/322-/3ii), 



e^Viil-M) e"/i45(w) 

■ 3'vii(«) y 



(D.3) 



'51 



/ /ll(«) 





V hiiu) 





fu{u) 


hi2{u) 


(/333 + /5: 



11 









-2)(/?33 





h2i{u) 




Ai), 



^15 (m) \ 





e2"/ii(-«) y 



(D.4) 



1^25 = 











:2(Mj 

/ii(«) 

h^{u) hs^u) 

h4s{u) e2«/n(-«) 

V h52{u) e2«/ii(-H) / 

/925/952 = /934/943 = (/9ll+/922)(/9ll-/922). 

The corresponding diagonal solutions are also one-parameter solutions. 



(D.5) 



References 

[1] R.J. Baxter, Exactly Solved Models in Statistical Mechanics (Academic Press, 
1982) 

[2] V.E. Korepin, A.G. Izergin and N.M. Bogoliubov, Quantum Inverse Scattering 
Method and Correlation Functions, Cambridge- 1992. 

[3] E. Abdalla, M.C.B. Abdalla and K. Rothe, Nonperturbative Methods in Two- 
Dimensional Quantum Field Theory (Second Edition, World Scientific, Singapore, 
2001). 

[4] P.P. Kulish and N.Yu. Reshetikhin, J. Sov. Math. 23 (1983) 2435 
[5] M. Jimbo, Commun. Math. Phys. 102 (1986) 537 
[6] I. V. Cherednik, Theor. Math. Phys. 61 (1984) 977 



17 



[7] E. K. Sklyanin, J. Phys A: Math. Gen. 21 (1988) 2375 

[8] L. Mezincescu and R. I. Nepomechie, Int. J. Mod. Phys. A13 (1998) 2747 

[9] R. I. Nepomechie, Boundary quantum group generators of type >1, arXiv:hep- 
th/0204181 

[10] R Bowcock, E. Corrigan, RE. Dorey and R.H. Rietdijk, Nucl. Phys. B445 (1995) 
469 

[11] M. T. Batchelor, V. Pridkin, A. Kuniba and Y. K. Zhou, Phys. Lett. B376 (1996) 
266 

[12] A. Lima-Santos, Nucl. Phys. B612 [FS] (2001) 446 
[13] A. Lima-Santos, Nucl. Phys. B558 [PM] (1999) 637 
[14] 1. V. Cherednik, Theor. Math. Phys. 43 (1980) 356 

[15] O. Babelon, H. J. de Vega and C. M. Viallet, Nucl. Phys. B180 (1981) 542 

[16] N.Yu. Reshetikhin and M. Semenov-Tian-Shansky, Lett. Math. Phys. 19 (1990) 
133 

[17] L. Mezincescu and R. 1. Nepomechie, Int. J. Mod. Phys. A7 (1992) 5657 

[18] G.M. Gandenberger, New non-diagonal solutions to thean^ boundary Yang-Baxter 
equation, arXiv:hep-th/9911178 

[19] G.W. DeUus and N.J. Mackay, Quantum group symmetry in sine-Gordon and 
affine Toda field theories on the half-line, arXiv:hep-th/0112023. 

[20] J. Abad and M. Rios, Phys. Lett. B352 (1995) 92 

[21] H. J. de Vega and A. Gonzalez- Ruiz, J. Phys. A: Math. Gen. 26 (1993) L519 
[22] S. Ghoshal and A.B. Zamolodchikov, Int. J. Mod. Phys. A9 (1994) 3841 



18 



